Math 202

Name: Section:

Vector Spaces and Subspaces

1. State the definition of “V is a real vector space”
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2. Let P, = { at’+bt+c : abceR } Show that Py is closed under scaling and
adding. t)
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3. Let V be a vector space. State the definition of a “H is a subspace of V.
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4. Complete the blank in the the following.
Theorem:

H C V is a subspace of V

and only if
there is a set of vectors % C H so that H = S_P‘“ ou»
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t
of vectors by rewriting the set-builder notation.
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5. Let H = { {t - 3s:| eR3:s,t€ R} be a subspace of R3. Prove that H is the span of a set

lYou must show all steps?
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6. Let H = a _cgb € R*:a,b,c € R} be a subspace of R*. Prove that H is the span of a

b+ 2c —
set of vectors by rewriting the set-builder notation.lYou must show all steps. '
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2p —3q
H = 4p eR3®: p,garein R
1+¢q

Determine if H is a subspace of R3. If it is, write it as the span of a set of vectors.

Claim: H s

7. Let
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Determine if H is a subspace of R3. If it is, write it as the span of a set of vectors.
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Column Space and Null Space

1. Fix an m X n matrix A = [51 ... an|. Define the Col(A) and Null(A)

)
Col(A) = Span &, ) 2
Null (A) = {Yelﬁ“: AR :‘6}

2. Draw a sketch that illustrates Col(A) using the linear transformation 7'(x) = Ax

3. Draw a sketch that illustrates Null(A) using the linear transformation 7'(x) = AX
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4. What is conveyed by the word “space” in Nullspace and Column space?
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e Section:
1 3 4 9 )
5 Let A= |2 8 10| . Determine if |6 is in Col(A) and if | 2 | is in Null(A) .
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Basis

1. Let H be a subspace of a vector space V, and let B be a set of vectors in H.

State the definition of “B is a basis for H.”
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b Bo © B o Lasdy ndpendent
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2. Suppose that H C V is a subspace of V, and that B = {b1,...,b,} C H as in the definition
of a basis. Draw a picture that illustrates the relationship between V\, H, and B.
y
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3. Let U = O, |1/, 1|0 . Show that U is a basis for R3.
0 0 1

(In other words: check that it satisfies the definition of a basis).
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4. Determine whether the sets below are bases for R3. Of the sets that are not bases, determine

which ones are linearly independent and which ones span R3. Justify your answer.
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5. Let vy = g , Vg = —21 V3 = —81 , Ve = g , Vs = 2 and let H = Span{vy,Va, V3, V4, Vs}.
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-2 4 -2 4 0 -2 0 1 0
1 -2 -1 4 1 : -3

7. Let A = 0 0 L -3 1| You are given the fact that A ~ B = 0 0 5
3 -6 0 3 -6 0O 0 0 0 O

Find a basis for Col(A) and Null(A).
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Name:

Section:
Coordinate Systems S
e @ S o, r¢ \0
2 ;Q\, v= &
I Fixabasis B=1{ | > |,| 2|} for R?
- Fixabasis B=1| /.| 3 o . \:\){\ \.
Yarr
(a) Find the vector v determined by the coordinate vector [ g = ]
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(b) Find the coordinate vector [v]g of v =
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2. FixabasisB:{{é],lil
1 0
7S

forH:Span{T’u%}
L v
V‘ic,lr\'\rc-z\'f; Y,l 2\

i . s 2
(a) Find the vector v determined by the coordmate vector [v]g = J .
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(b) Find the coordinate vector [v]g of v = [—2} relative to B.
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j_'g v=c.t\5f i—cg“ﬁ'_’;“cgb;
1 1 1
3. Fix a basis B = 0f, |1 for R3. _ c«:ma
e ) e

0.5
(a) Find the vector v determined by the coordinate vector [v]g = { 1 }
0.5

v = (05)fof s 1| 1|*ls)]1
1 0 1

0
(b) Find the coordinate vector [v]g of v = {—2} relative te B.
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Dimension of a Vector Space

3 3 3 0
1. Find the dimension of the subspace H of R?® spanned by {3} , { 2 :I , [4} , and l: ] .
0 -1 1 1
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2. Find the dimension of the subspace H of R?® spanned by { 2 J ; |i0} , and { 4 :' .
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3. Find a basis and state the dimension of the subspace

a+b
= a bl eR3:a,beR

i 1»“&}
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4. Find a basis and state the dimension of the subspace

a+2b+c
H= beC| cR3:a,b,ceR
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5. Define the dimension of a vector space V.

TLL &«Mw« 4‘1,
'S -l-hs;& ag. oru-/a'ﬂa basis a@'\f

6. Fill in the blanks in the following

Theorem: Fix a vector space V # {0} and suppose V' = SpanS

If S is not a basis, then 4 Coten L&M\-A‘Q -“'O
vt a by B ES AV

Theorem: Let V be a vector space with basis B = {vy,...,V,}.

Then every basis of V contains %&.‘&- n va C""M .

7. State The Basis Theorem

Theorem: Let V be a vector space with basis B = {vy,...,Vv,}.

Then every &M .'/g‘aa u with exactly " \)CC‘N
v v

is a - .
ML
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Name: Section:

8. Determine if each of the following set of vectors forms a basis for R2.

You must justify your answer. u c rk\
(a) U = {B],BQ} given by @ .
‘ 15 indeprndaas
By = freeia

b ® |U[=2 = &m (RY)
= N s & beass * R*

53- o bas’s Haogmm
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Rank + Nullity

1. Determine the dimension of the Null(A) and Col(A) for the matrix

3
CLUA) € IR
S
2
: NuL (A € [R
Find j and k s.t. Col(A) C R7 and Null(A) C R*. Then find a basis for Col(A) and Null(A).
Sdit AL o looais o Nee (4)
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2. If the null space of a 8 x 7 matrix A is 5-dimensional, what is the dimension of Col(A)?
2 K
M

n="7%

C nlby 2 Qi (MW = &

fauwl + N vﬂ—‘*g

Fanl + S

=
.
Fawnk = 2
CEin(caw) =2 5

3. If the column space of a 8 x 7 matrix A is 2-dimensional, what is the dimension of Null(A)?
no\
M n

no="1
ranl = &“M(&QCA)):Q

ranwh =+ Nu.Qﬂ—:“g,='\
2+ Nllliy=7

@ﬁ;’uﬂm) = uuQLBTS N
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Name: Section:

9. For each example below, suppose that T is a linear transformation with standard matrix A,
which has the domain, co-domain, and range indicated by the corresponding sketch.

(1) Find the Rank and Nullity of A, (2) find j and k so that Col(A) C R’/ and Null(A) C R¥,
and (3) indicate the dimension of each space.

@) coQ(A) = f‘qv\a,c.('r)
Co’.(A-\sz} /I\ Az 4 ‘s &.{MASI'OI\J
Nl (A€ R? D (wmk =R
R R3
=3 rank Nuﬂ“{-} =wn
Ry iy =3
Nullity =4 D dim (alL(A) =1
——, (b) JC‘L(A) = mu’}(T). ~Q
Col(A) & R T i 2 dimension
Nl (A) S R? g - =) cank =2
fK" ‘R3
n=2a
rank + Uu.u: =N
X+ WLy =2
:*u;ti = = &-\W\ ( “ul‘“)) =0
i CAL(.A) = PAv\gA CT')
CoL(A)SfR? /Z\ J s R Amausionad
3
U&U)‘ ‘R m3 ml gr&%‘( =2
n=3

rank + uqu.:l—s& =N

K + N%“l"%_ =23
ullity =1 =) &-\‘M(Mall(k)) =4
9
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Eigenvalues and Eigenvectors

_ . anl
l.LetA:[l4] letv:[2]. U=

-2 5|’ 1
eigenvalue?

v}
1

2

Justify your answer.

SHFHIHEERICIN

}land u eigenvectors of A? If so, what is the

¥ aa a?.wedm </ e.-‘Juwaﬂun =-/\

Ass {2 )= 12] AN L] fnee A
o - ) &n
-2 5| 4 8 2 3
1S Mot an e{cy_.«ud\
2. Let A= ﬁ _1“} . Is A = 2 an eigenvalue of A? If it is, find all the corresponding eigenvectors.

Justify your answer.
)\=-1 IS a- e-i%;uuu.Qul
S
Av“‘ = 2R hos moatcivial s

&
(A( —JI))I‘ 20 b vonteivid o

)l

[A-m,8) | 2 23] - [;-im

2 o
o 2

A-:i,:[

X~ K;=0

X, =X J0 ?&ao"
© i t
10

X fae X 00{ = PMA]
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-5 2 -4 1 1
3. Let A = |i4 1 4:] , with u = {2} and v = { 0 ] . Are u and Vv eigenvectors of A?
4 -2 3 0 =1

If so, what are the eigenvalues. Justify your answer.

A-l- -5 2 -¥ / 'l J
Tl o0 Al -2 = (D] 2
¢ -2 3|0 © 0

15 om Cigtmvech w/ eiqeavalue N =-
-5 -y ( -
Ag - [“’ :)l -4{lo|=] o] = (-D [:,
y -2 3|[-1 | =t
_';}_ An l-\'y.u\)((.*"\ LJ/ e“y.‘ V‘Q‘{ A = -i

0 3 -2
eigenvectors. X"‘a s AN e‘”‘“v‘ﬂ“

o st
& AR o wmiiiial & 1 Z.um

-2 -3 0
4. Let A = [ 0 1 0 jl . Is A = —2 an eigenvalue of A7 If it is, find all the corresponding

Justify your answer. = 3 .
& (A-AIg)X=
(‘z) -2 -3 (o) A [o) (] ; O
A-I3=|o 1 of|4|e = of= o 3 0
© -3 o|o o N o)o
[A ('I)I}lb [ 3 0 \O e o K) o |o
3 0 0 O o © 0
= ) X F‘-‘* X, +0 I (o)
Bl i)l
X3 O + K3 0 a
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5. State the definition of the characteristic polynomial of an n x n matrix A.

e Lraracteshi P&Q,anMchQ 44
* Qb (AXATL)

6. Prove that ) is an eigenvalue of A if and only if it is a root of the characteristic polynomial
of A.

L radins .
>\ 1S Qa Q"aﬂ-uua.o.»t e& A
&S

A»T(’:)\;g" has « NoA-Lr:v.‘a.Q Sea..

CA —>\In) )_(' =64 hWasds @ Non'Ll‘.’v.‘..Q ;Q
é_—-_)
A ‘AIV\ E&cks a Pivo"' M Soaan c_aQu.....

)
A AT A is wor inverhele

o
Q) (A AT =0.

20



Final Exam Review Math 202

Name: _ Section:

6. Find the eigenvalues of the matrix A = B :ﬂ .

) S aa &'?M\la.o-d. 03 A
&)
Qo) (A- X3, 3-0

:\Y [5- -a.] [o : : fq—f\ -,1\]
Dok (A )\r,)— GENEENRTAY
T -S+EASAENTYS
= AT-d\+ .3
= (N =3)O\-V)
eigpuvalts g N = 3 and N=1

7. Find the characteristic polynomial and the real eigenvalues of the following matrices.

[o 1 2}
A=1]2 -1 —4
2 1 0
A 00 -A 12
A’AI‘;-[g :l:‘\f -lo xo}: 2 -\ -
2 19 d o0\ 2 U -k
-\ ) < =N -y a -y
Sk (A=ALy)= &b 2 - 4 ‘-q\=(—k>(',"\ _x\"la -\
2 | -\

‘ (—“((—l-k\(—)) - (—ﬂ(u\) ‘I/(-ux -2 H\) ta (a-l -/‘R—'\I-X))
:—)\(,\+x1+q> AN 8+‘2(2+2+1)\\

= oA T saa- 3+3 +{A

VAN =A(RATR) T AR
Nl ﬁ\;/«v&nka ol )\“91'3 X'*‘Q/ g A=l

|

A
a

“1-A

\
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8. Let A = {_2 6}

Math 202

Section:

Find all eigenvalues of A, then find the eigenvectors that correspond to each eigenvalue

AT, = [—f:‘
2 (A-AT)) =M{

n

10

-3-A
-2

ol

10
6-

]

(-3-0)(6-)) - w0
-1 -G+ 3Nt X' + 39
A2-3N + 2
(A=) (A-Y)

ciapavaluia an
& A== & A=)

Corraspording o A=2

A-lx;'—[:: l:J l: :]
[ -5 !:’P

(- ama18) =72 1]
ﬂ[a =0
gx.- Xa
]

xa fae
2 _( axa
X -[ Xe

| =9
© o

D 2

E X;[ '2] nx,#o

1

14

Comesponding  to K=l
_ - =(-3 lo" 1 ©
A-(DI; [_2 : | [o J
- -d lo'
i

(A-OI7] = [

Il

‘llo
-2 s

s 57

N

x, - 5x, =0 K= %Xa
x’-'\k
s S/ X3 gA
A= * =X
[ M} 311“‘\

X\m-
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Name:

0 0 1
10. Let A= | § O 0

-1 0 -2

Section:

Find all eigenvalues of A, then find the eigenvectors that correspond to each eigenvalue

A s e ecgquvalie &> Dok (A -NT5) =0
0 ' o © AN o)
ome [a) 335 [F 34,
bok (k- XT3 - ;)\ (- ”‘)l ll H?A) .'. .OAI

= =\ ((—))(—2 N)-0) -0 + 1(0- (-M(—/))

= —ax -\ -\

SN x = N ( A +ax +1)
B = AN (D ()
_cugnoglos of A e X0 g he-1

+ 1.

X,_ X; =0

X3 fwe

X0 X, Y} -\
C=7%¥A‘:“ T(‘z [xa] =[ .g X}I J
X3 =9 /O X3 Y; {

2 (%))t g s %0

2’:}\3&?4» Ao \ Corrasporing 1o A=-4
3) [A._(,-.\I-;\OJ
[A—OIB | 00]0 - 1o 1o
o o | g Jdoeo t]o :[| 1 6lo|~ (O I = o
:[9! oo-?.‘o -l 0-3{0 -l & -ye oo ole
{0 © 0 <=)
N[gg:: gl i\u + Xy =0 e)§¥"’—¥3
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-1 2 0
0 2 -1

Find all eigenvalues of A, then find the eigenvectors that correspond to each eigenvalue.

dot (A-NT,) = M(-IO-A 2 o)

Section:

I-Xx O
0 -
- ) © o o o I-A
- [-A ( - o
( )\ -]-A ’o Y o 2
—— ) —
o

(—l—x)@-x)(-a—x) - o) .6 +o0

PO (M- () = 6D O FA=Y
Q)"?Q'\U‘&W ang Whae A== ‘4_ Az|
Cb,{nldpongha 4o A= -1

"

- O 2 0\)\o 3 "
[Azemle o 3 o): A-omy=[3 1L
[, a © ) 00 o 2 olo o a - oouJ
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Final Exam Review Math 202

Name: Section:

Final Exam Review
1. Study Exam 1 Review Packet
2. Study Exam 2 Review Packet
3. Study Exam 3 Review Packet

4. Study Material since Exam 3




